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Abstract In this paper, we have presented the stud-
ies of the motion of magnetized particles and energetic
processes around Schwarzschild black holes in modi-
fied gravity (MOG). The study of circular stable orbits
shows that orbits of magnetized particles can not be
stable for the values of magnetic coupling parameter
β ≥ 1. It was also shown that the range of stable circu-
lar orbits increases with the increase of both MOG and
magnetic coupling parameters, while the effects of mag-
netic interaction stronger than the gravity. It was ob-
tained that the increase of the MOG parameter causes
the increase of center-of-mass energy collision of mag-
netized particles. Moreover, we have analyzed how to
mimic the magnetic interaction with the spin of Kerr
and Schwarzschild-MOG black holes. We have obtained
that the magnetic coupling parameter can mimic the
spin parameter a ≤ 0.15 (a ≤ 0.28) giving the same
radius of innermost contour(co)-rotating orbits at the
values of the parameter β ∈ (−1, 1) and the MOG pa-
rameter in the range α ∈ (−0.17, 0.28) while the MOG
parameter α ∈ (−0.7, 0.9) mimics spin parameter of the
black hole with the range |a| ∈ (0, 1).
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1 Introduction
Detection of the dark energy and the dark matter in
the Universe at the end of the 20th century changed
our imaginations about Nature. The gravitational field
described by the general relativity can not fully explain
the nature of the dark energy and the dark matter.
Among the different ways of explaining their nature
the modified gravity (MOG) proposed in [1] became
one of the most promising model. The theory proposed
in [1] considers the scalar and massive vector field and
usually called scalar-tensor-vector gravity (STVG). The
motivation of introducing MOG is that being the clas-
sical field theory the general relativity breaks down at
short length scales. In order to consider the quantum
effects one needs the modification of the theory and
MOG is one of the way to modify the general relativity.
Introduced massive vector field with the source charge
Q =
√
αGM , where G is the gravitational constant, M
is the mass of the central object, and α is the new cou-
pling parameter, causes repulsive force, and becomes
significant at the quantum level.
The non-rotating and rotating black hole solutions
within MOG theory have been obtained in [2] and called
Schwarzschil-MOG and Kerr-MOG black hles, respec-
tively. The test particle motion around Schwarzschild-
MOG black hole has been studied in [3], and it was
shown the orbits become more stable due to the pres-
ence of a vector field in STVG theory. The several inter-
pretations of MOG theory through solar system tests [1],
galaxy rotation curve [4,5], through X-ray observations [6],
black hole shadow [7,2], the study of thermodynam-
ics [8], supernovae [9], gravitational lensing [10], quasi-
normal modes [11]. The thermodynamic properties of
MOG theory have been studied in [12]. Epicyclic fre-
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2quencies in Kerr-MOG black hole discussed in [13]. Quasi-
periodic oscillations around Kerr-MOG black holes have
been studied in [14]. Test particle dynamics near Kerr-
MOG black hole have been considered in [15]. The grav-
itational instability in the Newtonian limit of MOG has
been discussed in [16].
A Magnetic field surrounded black hole is one of
the useful tests of gravity theories. The electromag-
netic field around Kerr black hole immersed in an ex-
ternal asymptotically uniform magnetic field has been
studied in the pioneering work of Wald [17]. Then
numerous authors studied the properties of the elec-
tromagnetic field around black hole in the presence of
external uniform and dipolar magnetic field [18,19,20,
21,22,23,24,25,26,27,28,29,30,31,32,33,34,35,36] and
neutron stars [?,38,39,40,?].
In the presence of electromagnetic field around black
hole, one may study the motion of particles with non-
zero spin and magnetic dipole momentum. In Ref. [42]
it was shown that around Schwarzschild black hole im-
mersed in an external asymptotically uniform magnetic
field the magnetized particles can move along stable
non-geodesic, spatially circular equatorial orbits with
the radius smaller than Innermost stable circular or-
bits (ISCO). The study has been extended to the case
of Kerr black hole in Ref. [43].
One of the authors of this paper has studied the
magnetized particle motion around non-Schwarzschild
black hole in the presence of a magnetic field [44]. Other
our study is devoted to acceleration of magnetized par-
ticle around a rotating black hole in quintessence [27].
One of the autors of this paper has been involved to
study the high energy collision of magnetized particles
around a Horˇava-Lifshitz black hole [28]. Magnetized
particle acceleration around a Schwarzschild black hole
in a magnetic field has been analyzed in [30]. One may
find the analysis of magnetized particle motion around
braneworld black hole in [45,46]. The magnetized parti-
cle motion in conformal gravity has been study in [47].
The Penrose process [48], Blandford-Znajeck mecha-
nism [49], Magnetic Penrose process [50,51,52,53] , and
particle acceleration mechanism (BSW) [54] are con-
sidered as a toy model of different energetic processes
around compact objects in astrophysics. For the review
of energetic processes in different models of gravity we
refer the Reader to the following references [29,30,31,
32,34,55,56,57].
This work is devoted to studying the effect MOG
to magnetized particle motion around a black hole and
acceleration process of this type of particles. The pa-
per is organized as follows: The Sect. 2 is devoted to
study the electromagnetic field and magnetized parti-
cle motion around Schwarzschild-MOG black hole. The
magnetized particle acceleration near the Schwarzschil-
MOG black hole has been studied in Sect. 3. We con-
sider some astrophysical applications of our results in
Sect. 4. We summarize our results in Sect. 5.
We use signature (−,+,+,+) for the space-time and
geometrized unit system GN = c = 1. The Latin indices
run from 1 to 3 and the Greek ones from 0 to 3.
2 Magnetized particle motion around
Schwarzschild-MOG black holes in magnetic
field
The spacetime metric around Schwarzschild black holes
in modified gravity can be described as [2]:
ds2 = −fdt2 + f−1dr2 + dΩ2 , (1)
where
f = 1− 2(1 + α)M
r
+
α(1 + α)M2
r2
, (2)
and α is coupling parameter of MOG gravity.
Consider the Schwarzschild-MOG black hole immersed
in an asymptotically uniform magnetic field. The elec-
tromagnetic four-potential can be found using the Wald
method [17] and expressed as:
Aφ =
1
2
B0r
2 sin θ, (3)
where B0 is external uniform magnetic field. The non
zero components of the electromagnetic tensor can be
easily calculated using the definition Fµν = Aν,µ−Aµ,ν
and have the following form
Frφ = B0r sin
2 θ , (4)
Fθφ = B0r
2 sin θ cos θ . (5)
The nonzero orthonormal components of magnetic field
in the rest frame of the comoving observer have the
following form
Brˆ = B0 cos θ, B
θˆ =
√
fB0 sin θ (6)
Now we construct the equations of motion of mag-
netized particles around Schwarzschild black hole im-
mersed in the external asymptotically uniform mag-
netic field in MOG theory. The Hamilton-Jacobi equa-
tion for magnetized particles can be expressed in the
following form[42]
gµν
∂S
∂xµ
∂S
∂xν
= −
(
m− 1
2
DµνFµν
)2
, (7)
where m is mass of the particle, S is the actin for mag-
netized particle in the curved spacetime background,
the product of polarization and electromagnetic field
3tensors DµνFµν is responsible of the interaction be-
tween the external magnetic field and magnetized par-
ticles. The expression for the polarization tensor Dµν
corresponding to the magnetic moment of magnetized
particles has the following form [42]:
Dαβ = ηαβσνuσµν , D
αβuβ = 0 , (8)
where µν is the four-vector of magnetic dipole moment
and uν is four-velocity of the particles in the rest frame
of the fiducial comoving observer, being orthogonal to
the magnetic moment. The electromagnetic field tensor
Fαβ can be expressed through electric Eα and magnetic
Bα field components as
Fαβ = u[αEβ] − ηαβσγuσBγ . (9)
Using the condition given in equation (8) one can
easily calculate the interaction quantity D · F in the
following form
DµνFµν = 2µ
αˆBαˆ = 2µB0L[λαˆ] , (10)
where µ = |µ| =
√
µiˆµ
iˆ = µ is the module of the
dipole magnetic moment of the magnetized particles
and L[λαˆ] is the function of the coordinates and the
other parameters of the spacetime around the black hole
as well as magnetic field defining the tetrad λαˆ attached
to the comoving fiducial observer.
Here we study the orbital motion of magnetized
particles around the Schwarzschild-MOG black hole in
the weak magnetic interaction approximation, in other
word we dropped out higher orders of
(
DµνFµν
)2
→ 0
. The conserved quantities in the equatorial plane are
the angular momentum pφ = L and energy pt = −E
of the particle. Now one can express the action of the
magnetized particle in the form
S = −Et+ Lφ+ Sr , (11)
which can be used to seperate the variables in Hamilton-
Jacobi equation. The equation of radial motion of the
magnetized particles can be found in the following form
r˙2 = E2 − 1− 2Veff(r, α, l, β) , (12)
where newly introduced effective potential of radial mo-
tion has the form:
Veff(r;α, l, β) =
1
2
[
f
(
1 +
l2
r2
− βL[λαˆ]
)
− 1
]
, (13)
where β = 2µB0/m is the magnetic coupling parameter
and l = L/m is the specific angular momentum of the
magnetized particle.
The condition for the circular orbits can be expressed
as follows:
r˙ = 0,
∂Veff(r;α, l, β)
∂r
= 0 . (14)
The first condition in (14) allows one to find the possible
values of the magnetic coupling parameter β for circular
orbits
β(r; l, E , α) = 1L[λσˆ]
(
1 +
l2
r2
− E
2
f
)
. (15)
The second condition in (14) gives us
∂Veff(r;α, l, β)
∂r
= fL[λαˆ]∂β(r;α, l, β)
∂r
(16)
We consider the particle at the equatorial plane with
magnetic dipole moment perpendicular to the equato-
rial plane, thus the components of the external mag-
netic field measured by the observer in a frame of co-
moving with the particle take the following form
Brˆ = Bφˆ = 0 , Bθˆ = B0f e
Ψ . (17)
Inserting Eq.(17) into (10) we can find the interaction
part of the Eq. (7)
D · F = 2µB0f eΨ , (18)
where eΨ =
(
f −Ω2r2)− 12 [42] and Ω is angular mo-
mentum and has following form
Ω =
dφ
dt
=
dφ/dτ
dt/dτ
=
f
r2
l
E . (19)
Comparing Eq.(18) with Eq.(10) we get
L[λσˆ] = eΨ f . (20)
Finally, the magnetic coupling parameter β(r; l, E , α)
for stable circular orbits has the following form
β(r; l, E , α) =
(
1
f
− l
2
E2r2
)1/2(
1 +
l2
r2
− E
2
f
)
. (21)
Eq. (21) implies that a magnetized particle with mag-
netic coupling parameter β corresponds to circular sta-
ble orbit r with the energy E and angular momentum
l.
Fig. 1 shows the radial dependence of the magnetic
coupling parameter β for the different values of MOG
parameter α for the fixed values of the specific en-
ergy and angular momentum. One can see from the
top panel of Fig. 1 (when l2 = 10) that the increase
of the MOG parameter, α, causes the decrease of the
maximum value of the magnetized parameter. One may
also see that with the increase of the parameter, α, the
loci where the parameter β = 0 shifts to the observer
at infinity. However, when l2 > 12 (bottom panel of
Fig. 1), the maximum value of the magnetic coupling
parameter β does not depend on the MOG parameter,
α. Moreover, the local minimum of the β increases with
the increase of α parameter and disappears for higher
values of the parameter α.
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Fig. 1 The radial dependence of magnetic coupling param-
eter for the different values of α parameter. The plots are
taken for the value of the specific energy E = √0.9 and angu-
lar momentum l =
√
5 (top panel) and l =
√
6.074 (bottom
panel).
Now we analyze the values of the magnetic cou-
pling parameter corresponding to the stable orbits of
the magnetized particles. It can be found using follow-
ing set of equations [42,44]:
β = β(r, l, E , α), ∂β(r, l, E , α)
∂r
= 0 . (22)
One can see (22) contains two equations with five pa-
rameters of the particle (β, r, l, E) and spacetime (α), so
its solution can be parametrized in terms of any two of
five independent variables. In order to solve the system
of equations, it is better to use the magnetic coupling
parameter and radius of the stable orbits r as free pa-
rameters. First, we will find the specific energy E and
the angular momentum l of the magnetized particle as
functions of radial coordinates and α parameter as:
E2min =
l2
[
α(α+ 1)M2 − 2(α+ 1)Mr + r2]
r2
√
(α+ 1)M(r − αM) . (23)
The expression (23) corresponds to the possible values
of the specific energy of the magnetized particle at sta-
ble circular orbits.
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Fig. 2 Radial ptofile of minimal energy of the magnetized
particle.
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Fig. 3 The radial dependence of minimal value of magnetic
coupling parameter of the magnetized particle for the differ-
ent values of the α parameter. The plots correpond to the
values of the specific angular momentum l2 = 8.
Fig. 2 demonstrates radial profile of the minimum
values of the specific energy of magnetized particles at
stable orbits for the different values of MOG parameter.
One can see from the Fig. 2 with the increase of α
parameter the value of the specific energy decreases and
the distance where the particle energy is zero increases.
Substituting (23) into (21) one may easily calculate
the minimum value of the magnetic coupling parameter
of magnetic particles for the given value of the specific
energy in the following form
βmin =
√
(α+ 1)(2αM − 3r)M + r2
(α+ 1)(αM − 2r)M + r2
×
{
l2
[
(α+ 1)(2αM − 3r)M + r2]
(α+ 1)(αM − r)Mr + r
}
. (24)
Figure 3 illustrates the radial dependence of mag-
netic coupling parameter for different values of α pa-
rameter for the fixed value of the specific angular mo-
mentum l = 2
√
2. One can see that with the increase
the value of the parameter, α, the maximum value of
the magnetic coupling parameter, β, and the distance
5where the magnetic coupling parameter, β, is zero in-
crease.
Consider the upper limit for the angular momen-
tum that the particle can be in stable circular orbits.
The minimum value of the specific angular momentum
corresponding to the minimum value of the magnetic
coupling parameter can be found through the solution
of the following condition ∂βmin/∂r = 0 with respect
to l2:
l2min =
(α+ 1)2M2r2(r − αM)2
2α(α+ 1)M2 − 3(α+ 1)Mr + r2[
α(α+ 1)M2 − 3(α+ 1)Mr + 2r2]−1 . (25)
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Fig. 4 The radial profile of minimal value of specific angular
momentum of the magnetized particle.
Figure 4 shows the radial dependence of the mini-
mum value of the specific angular momentum for the
different values of the MOG parameter, α. One can see
from Fig. 4 that the value of the specific angular mo-
mentum corresponding to a stable circular orbit and
the radius where the angular momentum is maximum
increase with the increase the parameter α.
The extreme value of the magnetic coupling param-
eter β can be found by omitting equation (25) into the
equation (24) in the following form
βextr =
2r
√
2α(α+ 1)M2 − 3(α+ 1)Mr + r2
α(α+ 1)M2 − 3(α+ 1)Mr + 2r2 . (26)
Figure 5 show the range of the magnetic coupling
parameter corresponds to stable circular orbits. In the
figure dashed lines correspond to the minimum value
of the β parameter at l = 0 (freely falling magnetized
particle) and solid ones correspond to the extreme value
of the parameter β. Gray, light-blue and light-red col-
ored areas correspond to the values of MOG parameter
α = 0, α = 0.1 and α = 0.2, respectively. One can
see from the Fig. 5 that the distance where both the
minimum and extreme values of the magnetic coupling
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Fig. 5 The radial profile of minimal value of magnetic cou-
pling parameter of the magnetized particle.
parameter β are zero shifts to the observer at infin-
ity. However, the width of the area corresponding to
the fixed value of the magnetic coupling parameter, β,
does not depend on the parameter α.
Thus, the extreme value of the parameter β corre-
sponds to maximum value of the critical stable circular
orbits rmax and it can be found through the solution of
the following equation with respect to r
βext(r;α) = β . (27)
The minimum value for the circular stable orbits can
be found solving the following equation with respect to
r,
βmin(r;α) l=0 = β . (28)
The distance between maximum and minimum ra-
dius of circular stable orbits ∆r = rmax − rmin give
us the allowed area for the stable orbits for a magne-
tized particle. That means the circular stable orbits of
a magnetized particle with given β are confined in the
range rmax(β;α) > r > rmin(β;α). However, one can
see from the equations (24) and (26) it is quite com-
plicated to obtain the analytic solutions of equations
(27) and (28). We solve the equation numerically and
present the results in a table form.
The area of stable circular orbits of magnetized par-
ticles for the different values of MOG parameter is pre-
sented in Table 1 corresponding to the angular moment
from 0 to lmin. One can see from the table the range ∆r
increases as the increase of both parameters α and β,
however, the effect of the β parameter is stronger than
effect of the parameter α.
One may express the dependence of minimum values
of the specific angular momentum on magnetic coupling
parameter β solving by the equation β = βmin with
respect to the specific angular momentum l
l2min =
(α+ 1)Mr(αM − r)
(2α(α+ 1)M2 − 3(α+ 1)Mr + r2)3/2
6α β = 0.05 β = 0.1 β = 0.5 β = 0.8 β = 0.95 β = 1
0.01 0.00105 0,00423 0.1359 0.658274 2.1605 −
0.05 0.00108 0,00437 0.1405 0.67895 2.6932 −
0.1 0,0012 0,00453 0.1454 0.704716 2.7959 −
0.5 0.00144 0.00581 0.1868 0.908553 3.6096 −
0.8 0,00168 0.00676 0.1868 1.05976 4.2139 −
1 0.00183 0.00738 0.2375 1.1601 4.6153 −
1.2 0.00198 0.00801 0.2581 1.26021 5.0158 −
3 0.0033 0.01359 0.4394 2.15753 8,6058 −
Table 1 ∆r = rmax − rmin as function of β and MOG parameter.
×
{
β
[
r2 + α(α+ 1)M2
]
+ βr2 − 2(α+ 1)βMr
− r
√
2α(α+ 1)M2 − 3(α+ 1)Mr + r2
}
. (29)
Now one can easily get the dependence of the min-
imum value of specific energy inserting Eq. (29) into
Eq. (23):
E2min =
(
α(α+ 1)M2 − 2(α+ 1)Mr + r2)2
r3 (3(α+ 1)Mr − 2α(α+ 1)M2 − r2)3/2
×
{
β
[
r2 + α(α+ 1)M2
]− 2(α+ 1)βMr
− r
√
2α(α+ 1)M2 − 3(α+ 1)Mr + r2
}
. (30)
3 Particles collisions near the
Schwarzschild-MOG black hole immersed in
magnetic field
In this section, we investigate particle acceleration pro-
cesses near a Schwarzschild-MOG black hole by con-
sidering collisions of two magnetized particles in the
presence of an external asymptotically uniform mag-
netic field. Here we will focus on the study of the effect
of MOG parameter and external magnetic field to the
center-of-mass energy of the colliding particles in-falling
from infinity with specific (normalized to its mass) en-
ergies E1 and E2. The center of mass-energy of the two
particles with the same mass m can be found using the
expression [54]:
E2cm =
E2cm
2mc2
= 1− gαβvα1 vβ2 , (31)
with vα1 and v
β
2 are the 4-velocities of the colliding first
and second particles, respectively.
We plan to consider collisions of a magnetized par-
ticle with charged and neutral particles in below.
3.1 The case of two magnetized particles
In this subsection we consider collisions of magnetized
and magnetized particles at the equatorial plane where
θ = pi/2, with the same initial energy. The components
of four-velocity of the magnetized particle at θ = pi/2
plane with pθ = 0 has the following form:
t˙ =
E
f
,
r˙2 = E2 − f
(
1 +
l2
r2
− β
)
,
φ˙ =
l
r2
. (32)
The expression for Ecm in this case can be defined using
four-velocities of the particles at the equatorial plane
and Eq.(31) in the following form:
E2cm = 1 +
E1E2
f
− l1l2
r2
−
−
√
E21 − f
(
1 +
l21
r2
− β1
)
×
√
E22 − f
(
1 +
l22
r2
− β2
)
. (33)
Now we will analyze the effect of the parameter α using
Eq.(33) in a plot form
The radial profile of the Ecm for two magnetized
particles with the magnetized parameter β1 = β2 =
0.5 for the different values of the MOG parameter α
presented in Fig. 6 considering the collision with l1 =
2, l2 = −2. The Fig. 6 demonstrates that Ecm increases
with the increase of the MOG parameter.
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Fig. 6 The radial profile of the Ecm for the case of two mag-
netized particles with E1 = E2 = 1.
3.2 The case of magnetized and charged particles
Now we will study the case of magnetized and charged
particles. The four-velocity of a charged particle can be
found using the Lagrangian for the charged particle in
curved space in the presence of electromagnetic field:
L = 1
2
mgµνu
µuν + quµAµ , (34)
where q is the electric charge of the charged particle.
The conservative quantities of the particle: energy and
the angular momentum have the following form,
E = mgttt˙, (35)
L = mgφφφ˙+ eAφ, (36)
and the four-velocity of the charged particle at the
equatorial plane has the following components:
t˙ =
E
f
,
r˙2 = E2 − f
[
1 +
( l
r
− ωBr
)2]
,
φ˙ =
l
r2
− ωB , (37)
with ωB = eB/(2mc) being the interaction parameter
between the external magnetic field and the charged
particle so called the cyclotron frequency responsible.
The expression for center-of-mass energy of magne-
tized and charged particles can be easily found substi-
tuting Eqs. (37), (32), in to (31):
E2cm = 1 +
E1E2
f
−
(
l1
r2
− ωB
)
l2
−
√
E21 − f
[
1 +
( l1
r
− ωBr
)2]
×
√
E22 − f
(
1 +
l22
r2
− β
)
. (38)
Here also we analyze the center of mass energy in a
plot form.
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Fig. 7 The radial profile of Ecm for charged and magnetized
particles with E1 = E2 = 1. Upper and down panels corre-
spond to the cases of negative and positive charged particles,
respectively.
Figure 7 shows the radial profile of Ecm for the mag-
netized and charged particles with the magnetic cou-
pling parameter and cyclotron frequencies β = ωB =
0.5, around the Schwarzschild-MOG black hole for the
different values of the parameter α, considering the
head-on collision with the values of specific angular mo-
mentum of the particles l1 = 2, l2 = −2. One may ex-
plain the disappearance of the center-of-mass energy at
large distances in both panels of Fig. 7 by the repulsive
Lorentz forces.
3.3 The case of magnetized and neutral particles
In this subsection we will consider head-on collision of
the magnetized and neutral particles. The equations of
motion of neutral particles around Schwarzschild-MOG
black hole can be written as:
t˙ =
E
f
,
r˙2 = E2 − f
(
1 +
l2
r2
)
,
φ˙ =
l
r2
. (39)
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Fig. 8 The radial profile of Ecm for magnetized and neutral
particles with E1 = E2 = 1.
The expression Ecm for the neutral and magnetized
particles can be derived by substituting the Eqs. (32),
(39) in to (31) and we have:
E2cm = 1 +
E1E2
f
− l1l2
r2
−
√
E21 − f
(
1 +
l21
r2
− β
)
×
√
E22 − f
(
1 +
l22
r2
)
(40)
The radial profile of Ecm for neutral and magnetized
particles with magnetic coupling parameter β = 0.5,
around the black hole in MOG for the different values
of the parameter α shown in Fig. 8. In this case, one
may also see the center-of-mass energy of the collision
increases (decreases) in the presence of positive (nega-
tive) MOG parameter α.
3.4 The case of two charged particles
Here we will consider the energetic process from the
collisions of two charged particles. The expression for
the center of mass-energy of the two charged particle
can be obtained inserting Eq.(37) into (31) and we have
E2cm = 1 +
E1E2
f
− r2
(
l1
r2
− ω(1)B
)(
l2
r2
− ω(2)B
)
−
√
E21 − f
[
1 +
( l1
r
− ω(1)B r
)2]
×
√
E22 − f
[
1 +
( l2
r
− ω(2)B r
)2]
. (41)
Theradial profile of Ecm for charged particles near
Schwarzschild-MOG black hole is presented in Fig. 9.
One can see from the figure that the center-of-mass en-
ergy increases (decreases) at the existence positive (neg-
ative) MOG parameter α. In the case of the collision
of the negatively and positively charged particles, the
distance where the center-of-mass energy disappears in-
creases (decreases) in the presence positive (negative)
MOG parameter α (bottom panel).
4 Astrophysical applications
As an astrophysical applications of the studies of mag-
netized particles around Schwarzchild-MOG black holes,
we consider analysis of ISCO radius for the magnetized
particle around the black hole in an external asymptot-
ically uniform magnetic field and rotating Kerr black
holes. In other words, we look for the answer to the
question: can magnetic interaction mimic the MOG and
/ or rotation parameters in the spectral fitting method
implying necessity of additional methods in order to dis-
tinguish the Kerr black hole, the Schwarzschild-MOG
black hole and presence of the external magnetic field.
The expression for the radius of ISCO of the test par-
ticles around Kerr BH is given by the relations [58]
rISCO = 3 + Z2 −
√
(3− Z1)(3 + Z1 + 2Z2) , (42)
where
Z1 = 1 +
(
3
√
1− a+ 3√1 + a) 3√1− a2 ,
Z2 =
√
3a2 + Z21 .
Our aim is to study and compare ISCO radius of
a magnetized particle around: (i) Kerr black hole, (ii)
Schwarzschild-MOG black hole and Schwarzschild black
hole immersed in an external asymptotically uniform
magnetic field, corresponding the dimensionless values
of rotation parameter a, α parameter and magnetic cou-
pling parameter β in the range −1 to 1.
We show ISCO profiles of the magnetized particle
around Schwarzschild black hole in the magnetic field
(red-dashed line), Schwarzschild-MOG (dot-dashed blue
line) and Kerr black holes (gray solid line) in Fig. 10. In
this plot, the positive (negative) values of the magnetic
coupling parameter correspond to the same (opposite)
direction of the external magnetic field with dipole mo-
mentum of particles and we consider negative spin pa-
rameter as co-rotation of the particle. One can see from
the profiles that the parameters can give the same ISCO
radius corresponding to their different values. This im-
plies that the parameters can mimic each others in the
observations of ISCO radius of magnetized particles.
First, we consider the particle motion around Kerr
and Schwarzschild-MOG black holes for the same ISCO
radius. Figure 11 shows the set of values of spin parame-
ter of Kerr black hole and MOG parameter correspond-
ing to the same value of the ISCO radius. One can see
that positive (negative) values of the MOG parameter,
α can mimic spin of Kerr black hole for the case of co-
rotation (contour-rotation) of particles around the Kerr
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Fig. 9 The radial profile of Ecm for charged particles with E1 = E2 = 1. Top-right, top left and bottom panels correspond to
the cases of negative-negative, positive-positive and negative-positive charged particles, respectively.
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Fig. 10 Dependence of ISCO radius on rotation (Gray col-
ored solid line), MOG (blue colored dotdashed line) and mag-
netic coupling (red colored dashed line) parameters.
black hole. One may also see that the MOG parameter
mimics at α ∈ (−0.7, 0.9) spin parameter of the black
hole at the range |a| ∈ (0, 1).
Now we consider magnetized particle motion around
Scwarzchild-MOG and Kerr black hole. Figure 12 shows
the ISCO profiles of magnetized and neutral particles
around Schwarzschild-MOG black hole in an external
asymptotically uniform magnetic field and Kerr black
hole. One can see from the figure that ISCO radius
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Fig. 11 Relations between MOG and rotation parameters
giving the same ISCO of the magnetized particles.
of particles around Kerr black hole risco = 3M(7M)
corresponds to the spin parameter a = 0.728533 (a =
−0.395583) which fits the value of MOG parameter at
α ∈ (−0.730477,−0.562357) (α ∈ (−0.081132, 0.424942))
for magnetized particles with the magnetic coupling pa-
rameters β ∈ (−0.5, 0.5).
Now we will compare the ISCO radius of magnetized
particles around the Kerr black hole and Schwarzschild
black hole in the magnetic field and show how the mag-
netic field around Schwarzschild black hole can mimic
the spin of Kerr black hole.
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Fig. 12 The dependence of the ISCO radius of test parti-
cles on spin of Kerr BH and MOG parameter. Red-dashed,
blue-dashed, black-solid and gray-dotdashed lines are corre-
spond to the ISCO of magnetized particles with magnetic cou-
pling parameters β = 0.5, β = −0.5, neutral particles around
Schwarschild-MOG and Kerr black holes, respectively.
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Fig. 13 The similar plot as Fig. 11, but for rotation and
MOG parameters.
In Fig. 13 we show the relations between the mag-
netic coupling parameter, β, and spin parameter, a, of
Kerr black giving the same ISCO radius. One can see
from the Fig.13 that positive (negative) values of β pa-
rameter can mimic innermost co(contour)-rotating or-
bits of the particles around the Kerr black hole, giv-
ing the same radius of ISCO. One can see from Fig.13
that the magnetic coupling parameter can mimic spin
of Kerr parameter a ≤ 0.15 (a ≤ 0.28) giving the same
radius of innermost contour(co)-rotating orbits at the
values of the magnetic coupling parameter β ∈ (−1, 1).
Finally, we will investigate the magnetized parti-
cle motion around Swarzschild-MOG black hole and
Schwarzschild black hole in the magnetic field.
In Fig. 14, we present relations of the magnetic cou-
pling and the MOG parameters giving the same ISCO
radius. From Fig. 12 one can see that positive (negative)
values of β parameter can mimic negative (positive) val-
ues of the MOG parameter, α, for the same radius of
ISCO. One can see from the Fig. 14 that the parameter
β at (β ∈ (−1, 1)) can mimic the MOG parameter in
the range α ∈ (−0.17, 0.28).
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Fig. 14 The similar plot as Fig. 13, but for magnetic cou-
pling and MOG parameters
5 Summary and Discussions
In this work, we have studied the motion of magnetized
particles around Schwarzschil-MOG black hole immersed
in an external asymptotically magnetic field. Analy-
sis of circular orbits shows that the maximum value
for the magnetic coupling parameter corresponding to
the specific energy E = √0.9 and angular momentum
l =
√
10 decreases with the increase of MOG param-
eter. However, the maximum of the parameter β does
not change with the change of the parameter α for the
values l2 > 12. The minimum value of the magnetic
coupling parameter near the Schwarzschild-MOG black
hole increases with the increase of the α parameter and
the minimum value disappears at α ≥ 0.1.
We have also studied the specific energy responsible
for stable circular orbits and obtained that the energy
decreases as the increase of parameter α. The studies
of minimum and extreme values of β magnetic coupling
parameter show that orbits of the magnetized particles
can not be stable at β ≥ 1.
Numerical calculations of the range between maxi-
mum and minimum stable orbits expand with increas-
ing both α and β parameters.
The investigations of collisions of magnetized parti-
cles have shown that the center-of-mass energy of the
collisions increases with the increase of MOG-parameter,
α.
As an astrophysical application, we have investi-
gated mimic values of magnetic coupling, MOG and
spin parameters giving the same ISCO radius around
Schwarzschild black hole in the magnetic field, Schwarz-
schild-MOG and Kerr black holes, respectively. Analy-
sis of the studies have shown that
– MOG parameter α ∈ (−0.7, 0.9) mimics spin pa-
rameter of black hole at the range |a| ∈ (0, 1);
– the parameter β at (β ∈ (−1, 1)) can mimic the
MOG parameter in the range α ∈ (−0.17, 0.28);
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– and the parameter β at (β ∈ (−1, 1)) can mimic the
MOG parameter in the range α ∈ (−0.17, 0.28).
Moreover, we have considered the similar studies of
magnetized particles around Schwarzschild-MOG black
hole immersed in an external asymptotically uniform
magnetic field and Kerr black hole. Obtained that the
magnetic coupling parameters β ∈ (−0.5, 0.5) and the
MOG parameter at α ∈ (−0.730477,−0.562357) (α ∈
(−0.081132, 0.424942)) can mimic the values of the spin
parameter at a = 0.728533 (a = −0.395583).
In our future works, in order to deeply understand
the nature of modified gravity near the rotating black
holes, we plan to extend the studies of magnetized par-
ticles motion around rotating Kerr-MOG black hole im-
mersed in an external asymptotically uniform magnetic
field.
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